Here we show the details for building the minimum model to describe our setup. The SQUID of the setup is build by a circled conventional superconductor with a straight spinorbit coupling nanowire on top of it, as shown in Fig. 1 of the main text. The proximity effect induces a gap in the wire, making it superconducting. Under an appropriate magnetic field, the nanowire enters into a topological state and becomes a topological superconductor.
the junction are defined as
where θ L,R are the superconducting phase of the left/right segment,ĉ 1,2 are the local fermion operators at the two sides of the junction. Similarly, the other two MBSs on the domains are defined as
whereĉ 3, 4 are the local fermion operators at the domain walls. For each of the four MBSs, there is a partner, with which the local fermion operator is reconstructed aŝ
It is noted that γ ′ 1,2,3,4 correspond to excitations above the superconducting energy gap, and thus are irrelevant to low-energy physics.
The two MBSs in each segment have a small coupling due to the finite wire length, resulting in the coupling Hamiltonian given first by Kitaev [1] 
The coupling energy δ L,R is considered as a small parameter in the present work. The two segments are coupled at the junction through the electron tunneling
with ϕ = θ L − θ R the phase difference across the junction, where all excitations above the superconducting gap are neglected presuming that the system is kept at sufficiently low temperature. This fractional Josephson energy was derived by Alicea et al [2] . These two energies are contributed only from MBSs, and are summarized in Eq. (1) in the main text
The quantum dot (QD) is prepared in a way that there is only one energy level:
where d † is the electron creation operator and ϵ is the occupation energy.
When the QD is connected to the junction in a tunneling way one has an additional contribution to total Hamiltonian,
where high-energy excitations are neglected as above, and the superconducting phases θ L and θ R are included into the tunneling matrix elements T 1 and T 2 . Now we formulate the total Hamiltonian into the most convenient matrix form. For this purpose, we redefine fermionic operators,
The MBS operators can be rewritten as
and the Hamiltonian is given by
and
Using the fermionic states, a low-energy state of the system can be described by
and the Hamiltonian is recasted into a 8x8 matrix, 
It is block-diagonalized into two 4x4 matrices, for even-and odd-parity subspace respectively.
When QD is coupled to only one of the junction MBSs, namely T 1 = 0, one has T a = T b = T in the above matrix, which results in Eq. (3) in the main text. In a general case, the matrix elements (1,2) and (3, 4) are not equal to each other. However, it is clear that as far as the two tunneling couplings are controlled by the same frequency, the shape of spectra of Rabi oscillations presented in Fig. 3 in the main text remains the same, which exhibits the fractional Josephson relation, with heights changed slightly according to second-order perturbations. In the special case where the two couplings become exactly the same, matrix elements (1, 2) or (3, 4) become zero, and one of the two curves in Fig. 3 in the main text fades away proportional to the coupling difference. In this case, the odd-parity subspace contributes complementally the other curve as can be seen in the matrix in Eq. (S14).
Floquet theory
The Hamiltonian H(t) in Eq. (3) in main text is periodic with a period of T = 2π/Ω. Its Fourier transformation is given by
with
with all other components zero.
Floquet theorem, a time version of Bloch theorem in crystal with periodic potential in space [3] , states that the wave functions governed by this time-periodic Hamiltonian is given by
with ψ(t) = ψ(t + 2π/Ω) where Q is to be determined. Now we perform Fourier transform on the wave function with period T = 2π/Ω,
where ψ n is a vector with 4 components ψ n,α .
We look back to Eq. (3) in main text which can be written in a compact form
where = 1 is understood. Plugging the Fourier transformations into the above equation,
where α, β indicate the elements of each 4x4 matrix H m . It is clear that one should have
where I α,β is the element of the 4x4 unit matrix. We now have a static eigen-problem, with eigen value Ω and eigen function ψ n,α . Defining the eigen vectorψ = (...,
The problem of solving time-dependent Schröding equation (S19) now is reduced to a static eigen problem. The price one has to pay is to expand a 4x4 matrix into an matrix with infinite dimensions. Now we show how the Floquet Hamiltonian determines the quantum evolution of the system. We define a Floquet state |n, α⟩ by ψ n,α with α denoting one of the quantum states |S 1 ⟩, |S 2 ⟩, |S 3 ⟩ and |S 4 ⟩ and n the Fourier component. We notice that the eigen-value of the Floquet Hamiltonian has a periodic property, that is, if Q is a eigen value, then Q + nΩ is also an eigen value. This periodic property comes from the block-diagonal nature of the Floquet hamiltonian. Therefore, we can label eigen values by,
where Now we consider the transition probability between two states |α⟩ and |β⟩ as a function of time. The evolution operator between these two states is given by [4] 
with P γ = ∑ n ψ * n,α,γ e −inΩt 0 e iQγ t 0 provided that the system starts from the state |α⟩ at time t 0 . Taking advantage of Eq. (S25), one can provê
Considering that the transition probability should be an average of t 0 with t − t 0 constant, since the initial phase of the system is not well defined, we obtain the transition probability
Now the transition probability between the two states governed by the time-periodic Hamiltonian is given in terms of the summation on transition probabilities between Floquet states governed by time-independent Floquet Hamiltonian. For short-range couplings between blocks associated with different photons in Floquet Hamiltonian, namely for ac driving with a few Fourier components, the number of terms in the above summation is limited.
Rabi oscillations
Next we analyze possible Rabi oscillatons in the system. In a resonant oscillation, two
Floquet states become degenerate in energy, which can be captured by a 2x2 matrix for these two states, while all other matrix elements are taken into account as perturbations.
These perturbations slightly shift the energies of the two Floquet states, and modulate the matrix element between them as well. The effective 2x2 matrix will provide the oscillation conditions.
Let us first discuss the oscillation between |S 1 ⟩ and |S 2 ⟩. There is a contribution from the Floquet states |0, S 1 ⟩ and | − 1, S 2 ⟩ with the bare 2x2 matrix
It is obvious that there is a resonant Rabi oscillation around Ω ≈ 2J cos ϕ 2 + ϵ. We now consider contributions from other states in terms of the second-order perturbations. Since |0, S1⟩ has matrix elements with |0, S 2 ⟩, |0, S 3 ⟩, |1, S 2 ⟩, its energy is shifted by
Similarly, since | − 1, S2⟩ has matrix elements with | − 1, S 1 ⟩, | − 1, S 4 ⟩, | − 2, S 1 ⟩, its energy shift is given by
Noticing that there is no two-step virtual hopping process between these two states, the 
These two states are connected with each other through | − 1, S 2 ⟩ and |0, S 3 ⟩, which produce nonzero off-diagonal elements through the second-order perturbation,
⟨0, S1|Ĥ|0, S1⟩ − ⟨n, α|Ĥ|n, α⟩
The energy shift for state |0, S 1 ⟩ is
and for | − 1,
We then arrive at the effective 2x2 matrix within the second-order perturbation
A Rabi oscillation appears at Ω = ϵ + E ′ + − E ′ − , with frequency of T 1 δ L /(J cos ϕ 2 ). We notice two interesting properties of this Rabi oscillation. First, its frequency is smaller than the others discussed above by order of δ L /J, since this oscillation is driven by secondorder hopping processes. Second, this frequency contains only δ L , while δ R is missing. This is related to the structure of setup where QD is connected to junction MBS on the right segment (see Fig. 1 of main text). The transformation from |S 1 ⟩ to |S 4 ⟩ is contributed from four possible processes. For the first two processes, a) an electron jumps from the junction to QD and then another electron jumps from the left segment to junction
and b) an electron jumps from the left segment to junction and then jumps to QD
The total contribution is 2iT δ L d † γ 2 γ 1 γ 3 . Similarly, the other two processes include an electron coming from right segment, which are described by
However, in contrast to the previous case, the two processes interfere with each other de-
and make a vanishing contribution to the transformation. In other words, the oscillation between |S 1 ⟩ to |S 4 ⟩ only involves electron hopping from the left segment, thus δ R is missing in the Rabi frequency. One can understand the Rabi oscillation between |S 2 ⟩ to |S 3 ⟩ in the same way.
Finally, we should note that the above discussions in terms of 2x2 matrix are based on perturbation approach, and therefore are not valid when the energy shift and off-diagonal elements are large. Especially, when cos ϕ/2 = 0 or 2J cos ϕ/2 ± ϵ = 0, denominators in energy shifts and coupling elements become zero. These cases correspond to an additional energy degeneracy besides the two states under concern, where two sets of Rabi oscillatons take place simultaneously as can be seen in Fig. 3 of main text.
Multi-state oscillation
Here we analyze the crossing point of in Fig. 3 
Interchanging the order of the basis state | − 1, S 2 ⟩ and |0, S 3 ⟩, the matrix is transformed to,
It is clear that oscillations should appear on the QD, since the diagonal terms are all equivalent to zero. Now we show that the oppilation is actually a combination of Rabi oscillations with two slightly different frequencies. We construct "bonding" states
and "anti-bonding" states
The Hamiltonian is transformed into
in the new basis |S + 13 ⟩, |S − 13 ⟩, |S + 24 ⟩, |S − 24 ⟩. For example, the matrix elements in the first row are calculated as, 
The physics can be understood in a more transparent way. For Φ = Φ 0 /2, there is no coupling among the two MBSs γ 1 and γ 2 . It is then better to describe the system by parity state of electron number on the left segment formed by γ 1 and γ 3 , and that on the right segment formed by γ 4 and γ 2 . It is not difficult to see that the bonding state |S + 13 ⟩ corresponds to even parity states on both left and right segments, while |S + 24 ⟩ corresponds to even parity on the left segment while odd parity on the right segment, and the two states are coupled via T 1 which changes the parity of the right segment using QD. The same applies for the two anti-bonding states. The absence of direct coupling between the two blocks is due to the structure of system setup where QD is only connected to the right segment. T 0 with |S + 13 ⟩ contribute an energy shift
For |S + 24 ⟩, the two Floquet states | − 1, S 1 ⟩ and | − 1, S 3 ⟩ with energy −ϵ and coupling matrix element T 0 with |S + 24 ⟩ contribute an energy shift
Similarly, the anti-bonding state |S − 13 ⟩ is connected to |0, S 2 ⟩ and |0, S 4 ⟩ with coupling matrix elements T 0 and −T 0 respectively, getting an energy shift
and |S − 24 ⟩ is connected to | − 1, S 1 ⟩ and | − 1, S 3 ⟩ with coupling matrix elements T 0 and −T 0 respectively, getting an energy shift
The matrix up to the second-order perturbation is given as,
There is a Rabi oscillation between the two bonding states with frequency
and between the two anti-bonding states with frequency
It is noticed that the oscillations are not full (see Eq. (11) in main text), and thus the two frequencies are not equal even though the off-diagonal coupling elements in the two blocks are both T 1 .
Results based on numerical simulation
Besides the analytic treatment based on Floquet theorem, we also perform numerical calculation by integrating directly the time-dependent Schrödinger equation (3) in main text.
The results are summarized in Fig. 3 of main text, which are in good agreement with analytic results, except for the region around the crossing points of curves where the simple treatment of 2x2 matrix breaks down.
In numerical simulations, we start from a quantum state with empty QD with |P 1 | 2 = |P 3 | 2 = 1/2. The strength of Rabi oscillation given by color scale in Fig. 3 in main text is measured by the difference in occupation probability of electron on QD during the Rabi oscillation.
We now provide some detailed numerical results on the dynamics of system when the driving frequency is tuned to Ω = ϵ = 0.399J, corresponding to the horizontal line in Fig. 3 .
As shown explicitly in Fig. S1 for Φ = 0.1Φ 0 , oscillation between |S 1 ⟩ and |S 4 ⟩ and that between |S 2 ⟩ and |S 3 ⟩ take place simultaneously. We particularly note that the period of these oscillations is much longer than those in Figs. 2, in agreement with Eq. (S39).
Last we discuss some details relevant to experiments. In the present system, we initialize the system by measuring the electron occupation on QD. In theoretical analyses we obtain
